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ON SOME CHARACTERIZATIONS OF CONVEX POLYHEDRA
SERGII MYROSHNYCHENKO
Abstract. This work provides two sufficient conditions in terms of sections or
projections for a convex body to be a polytope .
1. Introduction
Many curious properties of convex bodies can be determined by two dual notions:
projections and sections. This paper contains characterizations of polytopes in terms
of non-central sections as well as point projections (see Figure 1).
Theorem A. Let K be a convex body in Ed, d ≥ 3, and {Hα}α∈A be a set of k-dim
planes, 2 ≤ k ≤ d− 1, all of which intersect the interior of K, such that:
• for any supporting line l of K, there exists a plane Hα ⊃ l;
• for all α ∈ A, the intersection K ∩Hα is a k-dim polytope.
Then K is a polytope.
Figure 1. A (d− 1)-dim section and a d-dim visual cone of K.
For instance, if δ is a continuous function on Sn−1, then set of hyperplanes
{
Hξ
}
ξ
,
Hξ =
{
x ∈ Ed : x · ξ = δ(ξ)}, ξ ∈ Sd−1,
satisfies the conditions of the theorem (see [BG]). In particular, for δ ≡ 0, Theo-
rem A implies the celebrated result of Victor Klee from 1959 (see [K], [Z])
Theorem 1. A bounded convex subset of Ed is a polytope if any of its k-dim central
sections, 2 ≤ k ≤ d− 1, is a polytope.
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The version of Theorem A for ellipsoids was handled in [BG]. It also implies the
corresponding result for Euclidean balls. We note that such settings are considered in
several problems of Convex Geometry, such as questions related to characterizations
of balls by sections and caps ([KO]), conical sections ([RY]), floating bodies ([B],
[BSW]), t-sections ([Y], [YZ]). Additionally, we also provide the following dual result
Theorem B. Let K be a convex body in Ed, d ≥ 3, and {zβ}β∈B ⊂ Ed be a set of
exterior points of K that satisfies:
• for any supporting line l of K, there exists a point zβ ∈ l;
• for a fixed k, 3 ≤ k ≤ d, and all β ∈ B, any k-dim visual cone Ck(zβ, K) is
polyhedral.
Then K is a polytope.
For example, a closed surface S containing K in its interior satisfies the conditions
of the point-set in Theorem B. Also, when S is a convex surface, the analogous
problem for circular cones was solved in [M]. In the class of elliptical cones, where
{zβ}β∈B is a closed set, the corresponding result was obtained for ellipsoids in [BG].
Two pertinent characterizations of ellipsoids regarding visual cones were considered
in [GO]. Questions related to measures of visual cones rather than shapes were
also studied in [Ku] and [KO]. A resembling construction for illumination bodies
is discussed in [MW]; for the related well-known illumination problem see [Bo] and
[BH].
Lastly, by polar duality ([Ga], p.22), Theorem A allows one to extend Theorem
B to the case of infinitely distant points. This way, we obtain Klee’s Theorem for
orthogonal projections ([K])
Theorem 2. A bounded convex subset of Ed is a polytope if any of its k-dim or-
thogonal projections, 2 ≤ k ≤ d− 1, is a polytope.
The main idea of the proof for Theorems A and B is to show that, under the
provided conditions, extreme points of K cannot accumulate. To prove Theorem A,
we generalize the construction from [Z]. The proof of Theorem B relies on a similar
idea for orthogonal projections on two-dimensional subspaces.
2. Preliminary definitions and results
In this section we provide the results, definitions, and notation for notions used
throughout the paper. For more details on these and related concepts of Convex
Geometry, see [Ga], [Gr], [S].
By lowercase letters such as p, q, r etc., we denote points in d-dim Euclidean space
Ed, d ≥ 3. For any two points p, q, the closed segment connecting them is denoted
by [p q], and its interior is (p q). Notation ∠(p q r) stands for the angle between [p q]
and [r q]. The Euclidean length of [p q] is ‖p− q‖. Then, the unit sphere with center
at the origin o is Sd−1 = {x ∈ Ed : ‖x‖ = 1}.
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For a set V ⊂ Ek ⊆ Ed, k ≤ d, by int V we mean the set of relative interior points
of V , and ∂V stands for its set of boundary points in Ek. A set V ∈ Ed is called
convex if for any p, q ∈ V , one also has [p q] ⊂ V . By a convex body we mean a
compact convex set with non-empty interior. A line l is called a supporting line of
a set V if l ∩ V ⊂ ∂V . A supporting ray is a half-line of a supporting line that has
non-empty intersection with the set. For a convex set V , a point r ∈ V is called
extreme if there do not exist two distinct points p, q ∈ V , such that r ∈ (p q). The
distance between point p and a set V is
dist (p, V ) = inf
z∈V
‖z − p‖.
The convex hull of a finite number of sets V1, . . . , Vm ⊂ Ed is
conv
{
V1, . . . , Vm
}
=
{
λ1p1 + . . .+ λmpm :
m∑
j=1
λj = 1, λj ≥ 0, pj ∈ Vj
}
.
The convex hull of a finite number of points is called a (convex) polytope. In this
regard, Minkowski was first to show
Proposition ([Gr], p.75). Every convex set in Ed is the convex hull of its extreme
points.
In particular, it implies that a polytope is the convex hull of the finite set of its
extreme points that are called vertices.
By polyhedral cone C with apex at the origin, we understand a non-empty inter-
section of a finite family of closed half-spaces. We naturally extend this notion to
a cone with the apex at any point z ∈ Ed. The full-dimensional visual (or sight,
support) cone of a set V ⊂ Ed with apex at z 6∈ V is
C(z, V ) =
{
z + t · (x− z) : x ∈ V, t ≥ 0
}
.
For a set V with non-empty relative interior, consider a k-dim affine subspace H,
2 ≤ k ≤ d− 1, such that z ∈ H and H ∩ int V 6= ∅. Then, a k-dim visual cone with
the apex at z is a sub-cone of C(z, V ),
Ck(z, V ) = C(z, V ) ∩H.
In this regard, observe the following result of Mirkil
Lemma 1 ([Mi]). A cone C ⊂ Ed, d > 3, with the apex at the origin is polyhedral if
and only if, for any k-dim subspace H, 3 ≤ k ≤ d − 1, the non-empty intersection
CH = C ∩H is a polyhedral cone in H.
3. Proof of Theorem A
To prove Theorem A, we need a couple of auxiliary results. The case d = 3 of
the following considerations for central sections was shown in [Z]. Here we provide
their generalizations for non-central cases in d ≥ 3.
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Figure 2.
Lemma 2. Let K ⊂ Ed be a convex body and Q be a k-dim convex set, Q ⊂ ∂K,
1 ≤ k ≤ d− 2. Let p, q ∈ K be two distinct points, such that [p q]∩Q = {x} ∈ (p q),
then
Qpq = conv
{
Q, [p q]
}
⊂ ∂K.
Proof. Assume the opposite, that there exists a point r ∈ Qpq, such that r ∈ intK
(see Figure 2). Then, there exists a line segment [t s] ⊂ intK, such that r ∈ (t s)
and [t s] ⊥ Qpq. Hence,
intQpq ( int
(
conv
{
Qpq, t, s
})
⊂ intK.
Therefore, all the interior points of Qpq belong to the interior of K. However,
intQ ( intQpq,
which leads to the contradiction. 
The next proposition shows that conditions of the theorem prevent extreme points
of K from “concentrating along” a segment in K.
Proposition 1. Suppose that body K satisfies the conditions of Theorem A. If for
any two points p, q ∈ K, there exists an ε = ε(p, q) > 0 and a point y ∈ K, such
that
• 0 < ‖p− y‖ < ε;
• ∠ypq < ε;
then y is not an extreme point of K.
Proof. We consider two possible cases.
Case 1. [pq] ∩ intK 6= ∅.
Assume that there exists a point x ∈ (p q) ∩ intK (see Figure 3). Then,
for a small enough R = R(x) > 0, ball B(x,R) of radius R centered at x
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belongs to the interior of K, B(x,R) ⊂ intK, and p, q 6∈ B(x,R). Hence,
we have
(p q) ⊂ conv
{
B(x,R), p, q
}
⊂ intK.
Thus, we can choose x to be the mid-point of [p q] and an ε > 0 such that
ε < min
{√
‖p− x‖2 −R2, arcsin R‖p− x‖
}
.
Figure 3.
Case 2. [p q] ⊂ ∂K.
Let Hα be a plane that intersects [p q] transversally at the mid-point x.
Then x ∈ ∂Pα for the polytope Pα = K∩Hα. Let Q1, . . . , Qm be all the facets
of Pα that contain x, and
{
x1, . . . , xN
}
be the set of all of their vertices. If
x is one of these vertices, exclude it from the set. By Lemma 2,
Qpqj = conv
{
Qj, [p q]
}
⊂ ∂K, ∀j = 1, . . . ,m.
Let a point s ∈ intK, δ = dist (p,Hα) > 0, and
0 < ε < min
{
δ, min
j=1,...,N
{
∠xjpq
}}
.
Then, for any point y ∈ K, such that ‖p− y‖ < ε and ∠ypq < ε, we have
y ∈ conv
{
x1, . . . , xN , p, q, s
}
.
Thus, y cannot be an extreme point of K.

Remark. The previous proposition shows that a small enough cone of revolution C
with apex p and axis of rotation parallel to [p q] cannot have any extreme points of
K in a small enough neighbourhood of p.
Now we have all the necessary ingredients to prove Theorem A.
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Proof. Suppose to the contrary that {qn} is an infinite set of distinct extreme points
of K. In particular, this implies that {qn} is bounded. By Bolzano–Weierstrass
theorem, we can consider a convergent subsequence
{qnk} → p, for nk →∞.
Then, p ∈ ∂K, otherwise, any point in a small neighbourhood of p cannot be
extreme. Again, consider a convergent subsequence {qnks} such that the unit vectors
unks =
qnks − p
‖qnks − p‖
→ u, for nks →∞.
Let l be the ray passing through p in the direction of u. Our last step is to show
that l intersects K at more than a single point p. Note that l is a supporting ray
of K (otherwise, conditions on p and u are not satisfied). Pick a plane H from
the given family that contains l. Assume that m is a supporting ray of K ∩ H
that passes through p, contains a non-trivial segment [p q] ⊂ ∂K, and has the least
angular distance to l (by the angular distance we mean the angle between directional
vectors of the rays).
Figure 4. Segment [p qn] is “drifting” to align with l.
Let G be a hyperplane containing l and orthogonal to H; E be a hyperplane
orthogonal to ray l and passing through point qn (see Figure 4). Then let sn be
the orthogonal projection of qn onto G; bn be the orthogonal projection of sn (or
qn) onto l; bn is the orthogonal projection of an on G (or on l), tn is the orthogonal
projection of qn on H. Lastly, an = E ∩ [p q]. For ε→ 0+, denote
‖p− qn‖ = ε, ∠(qn p bn) = ε, ∠(qn bn sn) = ξn,
∠(an p bn) = γ, ∠(qn an bn) = φn.
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Our goal is to show that γ ≡ 0. We have
‖bn − qn‖ = ε sin ε, ‖bn − p‖ = ε cos ε, cotφn = ‖an − tn‖‖tn − qn‖ ,
‖an − bn‖ = ‖bn − p‖ tan γ = ε cos ε tan γ,
‖an − tn‖ = ‖tn − qn‖ cotφn = ‖bn − qn‖ cos ξn cotφn = ε sin ε cos ξn cotφn,
‖bn − tn‖ = ‖bn − qn‖ sin ξn = ε sin ε sin ξn.
Now, ‖an − bn‖ ≤ ‖an − tn‖+ ‖tn − bn‖, thus
ε cos ε tan γ ≤ ε sin ε cos ξn cotφn + ε sin ε sin ξn,
tan γ ≤ tan ε cos ξn cotφn + tan ε sin ξn.
Since K is a convex body, we may define the boundary ∂K locally around p as a
graph of a convex function z = f(x) where G can be chosen as the x-plane. Luckily,
convex functions are locally Lipschitz ([RV]), which implies that
cotφn ≤ L, L > 0.
Hence, for a constant angle γ ≥ 0, lim
ε→0
tan γ = 0. We conclude that γ ≡ 0 and
l = m. However, this directly contradicts Proposition 1 and yields a contradiction
to the assumption on an infinite number of extreme points of K. 
4. Proof of Theorem B
4.1. Case d = 3. First, we prove that any extreme point of a 2-dim projection of K
is an intersection of an edge of a visual cone with the 2-dim plane of the projection.
Then, we show that every 2-dim projection of K is a polygon. Thus, by Theorem 2
in d = 3, we conclude that K is a polytope.
Proof. Choose an arbitrary ξ ∈ S2. For any x ∈ ∂(K|ξ⊥), consider the line
lx = {x+ t · ξ, t ∈ R}.
Then take zβ ∈ lx and consider the support cone C(zβ, K) (see Figure 5). We can
have two options:
(1) lx contains an edge of C(zβ, K);
(2) ray zβx is contained in a facet of C(zβ, K).
If (1) holds, then x is an isolated extreme point. This follows from the fact that
lx contains the intersection of two neighbourly facets F1 and F2 of C(zβ, K). Then
F1 ∩ ξ⊥ ⊂ l1, F2 ∩ ξ⊥ ⊂ l2,
where l1 and l2 are two lines in ξ
⊥, such that l1 ∩ l2 = x.
Let ly and lz be two lines containing the neighbourly edges of C(zβ, K). Denote
by y1, y2; x1, x2; z1, z2 the first and the last points of intersection of ly, lx, lz with ∂K
respectively, counting starting from zβ. Observe that it may happen that y1 = y2,
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Figure 5.
or x1 = x2, or z1 = z2, or any of such combinations. This would correspond to the
situation where either of the lines supports K at a single point. Also, denote
K1 = K ∩ F1, K2 = K ∩ F2,
and let interval [u1, u2] be the intersection of the supporting line of K1 in F1 in the
direction of ξ; similarly define interval [v1, v2] for K2 in F2. We note that any of
the above intervals can degenerate into a point, and even coincide pairwise. For
example, in Figure 5, we have z1 = z2 = v1 = v2 for K2; and all the points are
distinct for K1.
Denote the projections of the intervals [u1, u2] and [v1, v2] onto ξ
⊥ as f(x) and
g(x) respectively. Observe that g(x) is an extreme point of a projection as well.
Otherwise, for a point y ∈ l2 close enough to g(x), y 6∈ [x g(x)], the interval
[
g(x) y
]
has a pre-image in K2. The same considerations apply for f(x). Since {zβ}β∈B∩K =
∅, we obtain that g(x) 6= x and f(x) 6= x. This implies that the corresponding lines
contain non-degenerated intervals
[f(x)x] ⊂ l1, [g(x)x] ⊂ l2.
Hence, x is an extreme isolated point of K|ξ⊥.
If (2) holds, we repeat the previous construction preserving the notation. Thus,
we obtain a non-degenerated supporting triangle 4zβf(x)g(x) with height [xzβ]. In
other words, l1 = l2, and x is not an extreme point of the projection K|ξ⊥, i.e.
[f(x)g(x)] is a non-degenerated interval containing x in its interior.
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The above considerations imply that any boundary point x ∈ ∂(K|ξ⊥) is either
a vertex of an angle 0 < ∠f(x)xg(x) < pi, or is contained in an interior of a non-
degenerated interval [f(x) g(x)] ⊂ ∂(K|ξ⊥), i.e. ∠f(x)xg(x) = pi.
We may assume that (1) holds, otherwise, instead of x we can consider g(x).
Repeating the above argument counterclockwise, we obtain a countable sequence of
extreme points
{
vj(x)
}
, where
v0(x) = x, vj+1(x) = g
(
vj(x)
)
, j ≥ 0.
We claim that
{
vj(x)
}
is finite.
Figure 6.
Assume the opposite, and let us use a polar coordinate system in ξ⊥ with the pole
o in the interior of the projection, and value ϕ = 0 corresponding to point x (see
Figure 6). This way we obtain a sequence of angles ϕj(x) = ∠xovj(x). Observe that
{ϕj(x)} is strictly increasing (by the construction) and bounded (0 < ϕj(x) < 2pi).
The monotone convergence theorem implies that
∃ lim
j→∞
ϕj(x) = ϕ˜(x),
which corresponds to some point x˜ ∈ ∂(K|ξ⊥). Hence, any neighbourhood of x˜ in
ξ⊥ must contain an extreme point.
On the other hand, the closest extreme point to x˜ is at a fixed distance
min
{
‖x˜− g(x˜)‖, ‖x˜− f(x˜)‖
}
> 0,
regardless whether x˜ is an extreme point itself or not. This yields a contradiction to
the assumption that {vj(x)} is infinite. It implies that K|ξ⊥ has a finite number of
extreme points, i.e., K|ξ⊥ is a polygon. Thus, by Theorem 2, K is a polytope. 
4.2. Case 3 ≤ k < d− 1.
Proof. Consider any 3-dim subspace H, set SH = {zβ : zβ ∈ H}, and section
KH = K ∩H. By Lemma 1, for any point z ∈ SH , cone C(z,KH) = Ck(z,K)∩H is
polyhedral. Hence, the previous considerations apply, and projection of KH on any
2-dim subspace of H is a polygon. Thus, by Theorem 2, KH is a polytope. Since H
was chosen arbitrary, by Theorem 1, K is a polytope as well. 
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